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In this note we prove a conjecture of P. McCullagh that inversions provide a basis for subset
effects in ranking data.
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Suppose in an election, a full ranking of all n candidates is elicited from each voter. The vector listing the number of
voters holding each preference is then n!-dimensional, and analysis of this ranking data encounters the problem that n! can
be quite large. It is thus natural to restrict the problem by projecting onto subspaces capturing particular effects.
For example, one might look at pairs data: for each pair of candidates, howmany voters ordered them in each of the two
possible permutations? To take a concrete case, suppose that there are n = 4 candidates labeled a, b, c , and d. For an ordered
k-tuple of distinct candidates τ , let fτ denote the function outputting the number of voters whose rankings contain τ , e.g. fba
gives the number of voters ranking b above a. Let f∅ give the total number of voters. Then all of the pairs data are captured
by the following maps:
{f∅, fba, fca, fda, fcb, fdb, fdc}. (1)
In particular, the linear transformation yielding the number of votes for each ordered pair has rank 7. In general, the
information captured by pairs data is easily seen to be (n(n− 1)/2+ 1)-dimensional.
It is less obvious, though, howmuch information is captured by triples data, or in general by data on k-tuples. P.McCullagh
conjectured that inversions provide a basis for this information [2]. For our purposes, an inversion is a permutation of some
subset of the candidates with no fixed points. Equivalently, inversions can be viewed as ordered tuples of distinct candidates
such that once sorted, every candidate is in a different position. Note that the definition of an inversion requires imposing
some natural ordering, such as alphabetical or numeric, on the candidates. To simplify notation we also define ∅ to be an
inversion.
Notice that inversions are in one-to-one correspondence with permutations. Specifically, for a permutation σ , let fix(σ )
be the set of its fixed points and let fix(σ ) be the complement of fix(σ ). Then there is a natural bijection ψ from the set of
permutations to the set of inversions given by mapping each σ to the restriction σ |fix(σ ).
The basis for the pairs information given in (1) consists of the voter counts for all inversions on subsets of size at most 2.
McCullagh’s conjecture extends this to larger subsets.
Conjecture 1 (McCullagh). For a given k, a basis for the information captured by k-tuples is provided by {fτ : τ is an inversion,
|τ | ≤ k}, the set of voter counts for inversions on subsets of size at most k.
J. Marden computationally verified Conjecture 1 up to n = 6 and discussed its applications in [1]. In the remainder of
this note, we prove the full result.
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Fig. 1. An ordering of permutations and inversions for the case n = 3 such that⊕f∈Bn f has a triangular matrix.
Proof of Conjecture 1. Proof is required for all positive integers k, n such that k ≤ n. Define
Bk = {fτ : τ is an inversion, |τ | ≤ k}.
The conjecture states that (1)Bk is a linearly independent set, and (2)Bk spans all functions fτ where τ is an ordered k-tuple.
It clearly suffices to show property (1) in the k = n case. As for property (2), fix any ordered k-tuple τ0; then the conjecture
with k0 = n0 = k applied to the set S0 of candidates in τ0 states that fτ0 is in the span of
{fτ : τ is an inversion, τ ⊂ S0} ⊂ Bk.
Hence we assume for the remainder, without loss of generality, that k = n.
Since |Bn| = n!, a matrix representation for the map⊕f∈Bn f has dimensions n! × n!. We will show both properties (1)
and (2) by showing there is a choice of bases such that the matrix is upper triangular with unit diagonal, as in Fig. 1.
Label the n candidates 1, 2, . . . , n. We view each possible ranking as a permutation in Sn mapping the set of candidates
to the set of positions; for each such permutation σ and any candidate k = 1, 2, . . . , n, define
αk(σ ) =
{
1 if σ(k) > k
0 otherwise and βk(σ ) =
{
1 if σ(k) < k
0 otherwise.
Define further
α(σ) =
n∑
k=1
αk(σ )2n−k = (α1(σ ) · · ·αn(σ ))2
and
β(σ) =
n∑
k=1
βk(σ )2k−1 = (βn(σ ) · · ·β1(σ ))2,
and place a relation ≺ on Sn by σ ≺ ρ if and only if α(σ) ≤ α(ρ), β(σ) ≤ β(ρ), and (α(σ ), β(σ )) 6= (α(ρ), β(ρ)). This
relation defines a partial order, so there exists a full ordering {σ1, . . . , σn!} of Sn such that σi ≺ σj implies i < j.
We pick our bases according to this full ordering. Specifically, choose the basis {σ1, . . . , σn!} for the space of votes and
the basis {fψ(σ1), . . . , fψ(σn!)} for the space of maps. With this choice the matrix for ⊕f∈Bn f has only zero and unit entries,
with one in positions r, c such that the permutation σc contains the inversion ψ(σr).
It is clear that the diagonal consists only of ones. Consider any position r, c with r 6= c such that σc containsψ(σr). Then
the ordering of the candidates in fix(σr) is the same in both σr and σc , so these two permutations must differ in where they
map some candidate d in fix(σr). For this d, σr(d) = d but σc(d) 6= d, so
αd(σr)+ βd(σr) = 0 but αd(σc)+ βd(σc) = 1,
and thus (α(σr), β(σr)) 6= (α(σc), β(σc)).
We now show that α(σr) ≤ α(σc). Suppose this does not hold and let k be the smallest integer such that αk(σr) = 1 and
αk(σc) = 0. Thus σr(k) > k but σc(k) ≤ k.
Now
σr(k) = 1+
∣∣{q ∈ fix(σr) : σr(q) < σr(k)}∣∣+ |{q ∈ fix(σr) : q < σr(k)}| (2)
and similarly
σc(k) = 1+
∣∣{q ∈ fix(σr) : σc(q) < σc(k)}∣∣+ |{q ∈ fix(σr) : σc(q) < σc(k)}| . (3)
Again, σr and σc share the ordering of all candidates in fix(σr); thus since k is in fix(σr) the fix terms in Eqs. (2) and (3) are
equal. The difference must then be entirely in the fix terms, so there are at least σr(k) − σc(k) candidates q in fix(σr) such
that q < σr(k) but σc(q) ≥ σc(k).
Given the upper bound on q and the fact that q 6= k, there are at most σr(k)−σc(k)−1 such q satisfying q ≥ σc(k). Hence
there is at least one q in fix(σr) with q < σc(k) ≤ σc(q). This q satisfies αq(σc) = 1 and αq(σr) = 0. Since q < σc(k) ≤ k,
the αq bit is more significant in α than the αk bit. This provides a contradiction and shows that α(σr) ≤ α(σc). A similar
argument shows that β(σr) ≤ β(σc), so we indeed have σr ≺ σc .
Hence r < c for any off-diagonal nonzero entries, so as desired the matrix is triangular. 
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